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Periphony (sound reproduction in both vertical and herizontal directions around a
listener) may be recorded among others, via practical two-, four-, and nine-channel sys-
tems. Matrix paramelers and microphone techniques are descrived for 19 different sys-
fems, and a design procedure for other periphonic systems is given. Amplilude and
energy directional resolution are discussed, as is compalibility with current horizontal-

only systems.

INTRODUCTION: In a recent paper [1], Cooper and
Shigu observed thal systerus of recording sounds that Lreal
all horizontal directions equally form a hierarchy of
systems having two, three, four, five, « + + chaanels, such
that every system can be embedded inlo 2 system higher
in ihe hierarchy by adding the requisite number of chan-
nels. Their methods were those of barmonic analysis, and
this paper alms fo present the correspending results,
discovered independently, for thosa systems of sound
recording that treat all directions, both horizontal and
vertical, equally, Such systems of recording both the
horizonfel and vertical ditectional eflect are termed
“periphonic.”

The first periphonic system to be announced was the
four-channet teirahedral system of G. Cooper [2), and
further work on such four-channel systems has been done
by Bruck [3] and the author [4], [5]- Two-channel periph-
ony has been discussed by Scheiber [6] and the author
[7], [8). Readers are referred to {5] for a survey of the
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proposed four-channel periphonic systems.

The reproduclion of sound with lLeight can ju prin-
ciple be achieved via any arrangement of loudspeakers
that forms a solid, enclosing the listener. The arrange-
ment of Fig. 1 is the simplest arrangement that takes into
account various psychoacoustic reguirercents [8], and re-
cordings suitable for this arrangement will also give
safisfactory tesults via the more usual horizontal square-
speaker Jayout, Although irregular speaker layovis are
likely lo be used for domestic with-height sound repro-
duction when it arrives, it is convenient here to con-
sider only fairly regular arrangements of speakers, e.g.,
at the vertices, face cénters or edge centers of an Ar-
chimedean solid. Such regular speaker layouts mean that
to reproduce sounds from their correct direction in
space, eich speaker need oniy be fed with the output of a
directional microphone pointing in that direction.

To reproduce all directions psrfectly, one would need
an infinite numbar of minute spedkers on a sphere around
the lstener, and an infinlte sumber of “delia-function”
(i.e., infinitely directional) miciophones pointing in all
directions fo record the sounds. In practice, the restricted
number of channels will yeduce the obtainable direc-
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tiona! resolution. In periphony, we aim to record Lhe
values of the sound pressure on the surface of a sphere
{representing the directions around the microphones). In
televislon transmission, the problem of transmitting
prrameters (in that case brighmess) aver a surface {in
that case a rectangle) has been solved by crealing a
large number of channels {one for each picture elerment)
by time-multiplexing. In periphony, the small number of
speakers means that only a fow chonnels are required to
convey a low directional resolution. Thus no “scanning”
of the sphere is required, and the topological properties
of the sphere (notably the “hairy ball theorem™) make
such scanping In any case undesirable. In order (o dis-
cuss directional Tesolution on the sphere, ome needs
some analog to the theory of Fourier transforms on a
line, and this will be provided by the theory of sphericat
harmonics and spin harmonics in this paper.

THE COOPER-SHIGA HIERARCHY

Any system of recording horizontal sounds that treats
all horizontal directions equally can be shown to bo of
the following form {1]. Let the number of channels be n
and Tet oy, my, * =+, 1, be integers. Then if ¢ is the hori-
zontal angle of arrival of a sound, it is recorded in the fth
chanoel with gain expfi(m@—a()}] for all i=1, 2,

-+, n, where a gain of j = V {(—1) means that a signal
is subjected to o 90° phase ghift, and where a(8) is 2
phase shift dependent only on the direclion of arrival of
a sourd and not on the channel, If we regard two meth-
ods of recording horizontal sounds as being equivalent as
long as one melhed can be wroed into the other by pass-
ing the n-channel signal through an u ¥ n matrix, then
the above describes all ditectionally unbiased methods of
recording sounds hotizontally.

A praclical recording system will ot allow channels
to be wasted by duplicating information, and will not
omit information conveying coarse directional resolution
while transmitting fine-resolution information. By these
criteria, practical hocizontal systems have n1, = { for all
i, and usually have a(6) = %2 (a + 132 il » is odd, or
a{6) = —¥nb if nis even, It will be seen that these
systems form a hierarchy, with the n-channel syslem be-
ing convertible to the {n+1)<channel system merely by
adding an additional channel with gain exp [—¥anjé] if
n is even or cxp [¥ (n+1)js] if » is odd. By sampling
theorem arguments [1], it can be shown that the ob-
tainable directional resolmion is proportional to the num-
ber i of chanrels.

SPHERICAL BARMONIG HIERARCHY

The above results of Cooper and Shiga for horizonlal
surround-sound systems have analogs for periphonic sys-
tems. In order to simplify the required theory of spheri-
cal harmonics, we use a “direction cosine” representa-
tion for directions in space. ]

Consider a sphere 22 -+ y2 + z2 = 1 of unil radius,
where the x axis points forward, the y axis points to the
Teft, and the z axis upward. Tt is evident that any direc-
tion in space may be described by its direction cosines,
which are defined to he the coordinates (x.3.7) of the
point in that direction from the center of the unit sphere
on the unit sphere.

The galn with which a sound from the direction
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Fig. 1. Tetrahedral loudspeaker layout {embedded in a cube).

{x,,z) is applied to a channel of the periphonic record-
ing will be a complex funclion of the direction, ie, a
function on the unit sphere. It is convenieat to think of
this function ns the direclional characteristic {ie., tbe
amplitude goin in various directions) of a directional
microphene, although the recording may in fact be made
by “pan-potling” sounds into the channcls te slimulate
pickup by directional microphones.

A function f(xy.z} on the sphere 2 + y2 4+ 22 =
I is said to have an “encrgy”

1
—_ ' 2
™ j‘ [F(x32)|? ds

where the inwgration fs over the surface of the sphere
{ds being an element of that surface), and where the fac-
tor 1/4« is conveniently adopted to allow for the sphere
having surface area 4w A microphone with directional
characteristic f(x,yz) will pick “up directionally homo-
geneous sounds (e.g., reverberation) with this epergy, and
its directivity foctor v is defined to be the ratio of the
maximum value of !f{x.v.z}|? to the “eneray” of f{x..2).
As it measures the microphone’s susceptibility to direc-
tional and directionless sound, ¥ i3 & measure of the
spatial resolution, with a higher value for more direc-
tional microphones. For example, a cardioid microphone
has ¥y = 3, and an omnidirectioral one has y = 1,

Two functions f{x.»,2) and g(x.y,z) on the unit sphere
are said to be orthogonal if [/{x.y.z}*s(xy.2) ds = 0,
where * raeans taking complex conjugates. Orthogonality
is equivalent to the energy of the sum of f and g being
equal to the sum of the separate cnergies of / and of g.
A similar additive properly for energy ensures that the
harmonies of a sound waveform are orthogonal to one
another, and it is by analogy with these that one de-
fines spherical harmonies on the sphere.

Spherical harmenies are functions f(x,%,2) on the unit
sphere with the following properties:

{0) A zero-order spherical harmonic {s a constant
function on the sphere, i.e., f{x,»2) = a

(1) A first-order spherical harmonic is a polynomial
function of degree 1 In x,y, and z that is orthogonal to all
zero-degree polynomials, ie., f{x.32) = ax + By + yz

{m) In general, an nth-order spherical harmonic (con-
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Fig. 2. Tetraphonic microphone arrangement.

|

veniently termed an ath harmonic) is a pelynomial of
degres # in xy, end z thal is orthogonal to all lower
degree polynomials.

Exemples of second-order spherical bharmonics are:
x2—1/3, xy, y2—22

Micraphones with a zero-order directional character-
jstic are omnidirectional, those with a first-harmoatc dl-
rectional characleristic are figure of eight, and clover-leaf
microphones [9] have a second-harmonic directional
characteristic.

The following Tesulis hold for spherical harmonics.

1) The cffest of rotating an ath harmonic is to obtain
another nth harmonic.

2) A linear combination of ath harmonics is an nth
harmonic. All nik harmonics may be expressed as n linear
combination of rotated versions of any particular non-
zero nth harmonic. . -

3) Apy Function on the sphere is expressible, in o
unique manner, as the sum of a zeroth harmonie, a fiest
harmonic, 2 second harmonic, . . ., an #th barmonic, . . .

4) The number of linearly independent nth harmonics
Is 2n + 1, l.e,, any nth harmoenlc can be expressed as a
linear combination of 2n -+ 1 specified ath harmonies.

The properties 1) to 3) are obeyed by colleclions
of functions on the sphere only if they are spherical har-
monics. These properiies also make them ideal for use
as matrixing and microphone characteristics for periph-
ony. If a recording is made in which one microphone
picks up sound with a zeroth-order directional charac-
teristic, thres microphones pick up sounds with inde-
pendent first-harmonic directional characteristics, and so
on up to 2n + 1 microphones picking up sovnds with
independent ath-harmonie directional characteristics, then

4

the resultant 1 + 3 + =+ 4+ (@1 + 1) = (n + 1)*
channcls pick up sound in a manner that is essentlally
independent of direction, by properties 1) and 2). Fur-
thermore, in principle, by making n large enough, the
sound field around the microphones may be captured
to any desired degree of accuracy because of property
3).

The system with n = 1, using 1-+3 = 4 channels, has
been termed tetraphony, and has been the subject of
considerable cxperiment [2], [3], [5]. The microphone
arrangement used for this system conslsts of four coin-
cident microphones, each having a pickup involving both
zeroth and first harmopics (e.g., & cardiold or hyper-
cardiold characteristic) pointing in different and non-
coplanar directions. Por example, telraphonic microphone
arrangement of Fig. 2 has four cardioid or hypercardi-
oid microphones pointing along the four axes of a reg-
ular tetrahedron [4], [5].

The 14345 = 9 channel system of periphony, called
enneaphony, uses at least .nine coincident microphones
involving omnidirectional, figure of eight, and clover-leat
pickup. Although full details cannot be given here, such
a directional pickup can be obtzined using twelve small
cardioid or hypercerdioid capsules mounted to form the
faces of & regular dodecahedron (see Fig. 3) having a
small diameter (not more than § ¢m), and (he second-
harmonic aspects of the directional pickap ean be de-
rived from these by techniques similar to the Blum-
lein difference technique [9]. It seems that the third-har-
monic pickup required for 16-channel periphony is more
difficult te derive ualng currently available microphones.

Clearly, each n2-channel system of periphony can be
upgraded to {n + 1)? channels simply by adding 2n +
1 chanoels conveying the nth-harmonic sound pickup.
Thus the I, 4, 9, 16, 25, * = * channel periphonic systems
form a bierarclky of systems, each of which can be em-
bedded in all systems higher in the hierarchy by adding
channels,

The aclual choice of directional pickup assigoed to
each of the 2u + 1 nth-harmenic chanpels is arbitrary
as long as a matrixing can be devised to recover any

Fig- 3. Arrangemeni of welve cardiold or hypercardiold
microphone capsules suilable for recording nime-channel
periphony. The sound should be permitted access to the rear
of the capsules to cnsure their prosaurc-gradient operation.
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PERIPHONY: WITH-HEIGHT SOUND REPRODUCTION

Table I. Galns of channels of a periphonic recording system based on spherical harmonics, expressed in terms of direction
(x,y,2) of the incideat sound

Spin Chanael Gains - '
[H 1

1 ¥ey, 3y, 3Pz

2 %lswcrt__yl)’ ]5”‘.1:7, %5”’(35’ l), 151!31.:' lslny‘

3

(578 P a3y, S/ —3r), @UEHWx(1—52), Q@UEVy(1—5), 105Vxyz, 14 1057 (x'—y)z,
15 P (522—3z)

The order of the spherical barmonies in each line s given in the column headed Spin, The coefficients shown make each
channel have a plekup energy of 1, and each chanuet is orthogonel to all others. A practical periphonic system will include all
channels having & spin less than some chosen value. If only the frst [wo channels given for each spin are recorded, then a hori-
zontal-only system in the Cooper—Shiga hierarchy §s obtained. The periphonic sysiems in this table ave those belonging to Lthe

“weight O" hisrarchy (Fig. 5).

nil harmonic pickup from these, Table I gives suitable
pickup characteristics for each channel. The first two
pickup characteristics given for each order of harmonic
grealer than zero do not involve z, and thus by record-
ing the zeroth-harmonic chaonel and the frst twoe chan-
nels in Table I of each of the first to ath harmenics, a
horizontal recording system is obtained using 2» -+ 1
channels. Thus it will be seen that the (2n -+ 1)-chanuel
system in the Cooper-Shiga hierarchy of horizontal-
only systems can be embedded into ihe (n + 1)*-chan-
nel periphonlc system betonging to the spherical harmonic
hierarchy by adding the channels in Table I involving
z in their directional pickup.

From properly 3) of spherical harmonics, the more
channels a petriphonic system has, the more resolution it
has in picking up directional information. This Is seen
clearly from Fig. 4, which shows the directional char-
acteristics obtainable by matrixing information from the
1, 4, 9, and 16-channel periplienic systems thal have the
highest possible directivity factors. There is a very gen-
cral theorem which directly relates the number, of chan-
neis to the oblainable directional resclution, known as
the directivity factor theorem.

Directivity Factor Theorem
Yet a system of N.channel sound recording provide

for pickup of sound-energy information in a directionally -

unbiased fashion and suppose that there be no duplica-
tion of information among the channels (i.e., thet no
channel be a linear combination of the others). Then
the directivity factor of the directional characteristic of
energy pickup of any linear combination of the N chan-
nels Is not greater than &, Tt Is possible lo find matrixings
of the N channels with a directivity factor equal to N,
and in that casc the energy pickup characteristic will be
symmetric about an axis that may point in eny chosen
direction.

The theorem applles either to periphonic or horizontal-
only syslems, as long as the definition of “directivity
factor™ in the latter case involves infegratlon over a
horizontal circle rather than & sphere,

PERIPHONIC SYSTEMS OF NONZERO WEIGHT

As no other class of funclions on the sphere obeys
all the properifes 1)-3) for spherical harmonics, it at
first appears that all directionatly unblased periphonic
systems have been classified. However, other periphonle
systems exist, nolably the two-channel system devised in-
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dependently by Scheiber [6] and the present author (sse
Appendix T, [7], (10]).

These systems arise by considering the pickup of sound
energy rather than sound amplitude, If A(r) is an audio
signal, where ¢ is time, then its cpergy is defined to be
the quantity [A (1)2 dr, where the integralion s over a
“long™ period of time. In an N-channel recording, the
enorgy of amy signal oblained by taking (real) linear
combinalions of channels can be shown to be expressible
as a linear combination of the ¥2N(N+1) energy param-
eters of the form [A() A, ()dt, where 4; and A, are

Fig. 4. Amplitude pickup characteristics with maximum di-
reclivity factor 4 with multichannel periphonic systems based
on spherical barmonics. a, One channel, b. Fowr channels.
¢. Nine chaneels, d. Sixteen channels,
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WEIGHT OF HEIRARCHY

. Wig. 5. Hierarchial slruclurc of periphonic systems. Bach boldface verlical line represents n distinct hierarchy of systems,

and each square an “frreducible” system with the indicated number of chenonels, spin, and weight. Practical systems con-
sist of simultancously recording all irreducible sysiems of a glven weight that hﬂve a spin larger than or equal tu some chosen
value of spin. For example, a practical weight 1 system might incorporate spins | and 2 and will then have 3 4+ 5 = 8 chan-

nels.

the audio sigoals on the jth and MHh channels. When
(complex) linear combinations involving 90° phase shifts
are used, the energy can be shown to be a linear com-
bination of the N? energy parameters of the form
fALDY ALY di or {when i < k) fALNTA(t) di, where
J is the 90° phase shift operator. Note that if a signal
passes throngh a recording system with a complex ampli-
tude gain n+jv, then its energy gain is u?+v? =Jujv}*
It will be convenient to call fur-+jv{® the “absquare” of
v,

If a periphonic recording is made so that sound en-
ergy is picked up in a directionally unbinsed manner, then
sound amplitude Information need not be pleked up In an
unbiased manner, as the phase of the sound pickup will
depend on the direction of the sound. Buergy will be
picked up in a directionally unbiased manner if for any
directional pickup f{x,y,z) obtainable by taking complex
linear combinations of the chanmels of Ihe periphonic
recordiog, and for any rotation R, there is a directional
pickup g(x,3z) similarly obfainable whose absquare
equals the absquere of f(xy,z) rotated by R. The prob-
Tem of determining all such periphonic systems has been
formulated in group-theorctic ferms (see Appendix ).
The tolution to this problem may ba stated in terms of
a generalization of spherical harraonics, called “spin
harmonics” doe to their connection with the quantum
theory of parlicles with spin,

Table H, Channel gains of weight ¥4 periphonic

Spin harmonics are funclions on the unit sphere, and
may be of many different “iypes,” one special type be-
ing ordinary spherical harmonics. All spin harmonics of
a piven type belong to one and only one set of functions
in a sequence of sete of spin hermonics of that type;
functions in any set in the sequence are said to have a
different spin from those in other seis in the sequence.
(Spherical harmonics have the same spin only if they
have the same order). For spin harmenics of a glven
Lype, the following properiies hold.

1)} Any two spin harmonics of differing spin are
orthogonal.

2} Any linear combination of spin harmonics having
a given spin is also a spin harmonic having that spin.

3) When absquared and rotated, any spin harmonic
(=) on the sphere becomes lhe absquare of another
spin harmonic g{x,y.z) havlng the same spin. If f{x,7.2)
is nonzero, then any spin harmonic having its spin is ex-
pressible as a linear combination of such g{xy.z)%.

4) Any function on the sphere is expressible uniquely
as the sum of a series of spin harmonics, each having a
spin different from the others.

The spherical harmonics are one spooial type of spin
harnionic. In general, spin harmonics differ frony spheri-
cal harmonics in that only the absolute value of functions
is rotatable. If we choose a sequence of sels of fune-

recording aystems as a function of direclion (x,y.2)

Spin Channel Gains

o (1D, (4h2) R (x—p)

B2 G2y 4t (ebiy), 200 (32—1), 27P (12 m(3zHD) (—iy),  (3/2Y P (1420 (v —fy)*

Wi (S8 D)), (/8R4 ek jy) (z—1), (3/4) 0 (142)"7 (52 —2z—1), (34" (1+2)™"
=Ry (5e2z—1), (/8 (1+2) W r—h) Bz-+1),  (I5/8) (1 +2)" P (x—Jy)*
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PERIPHONY: WITH-HEIGHT SOUND REPRODUCTION
Table III. Channet gains of weight 1 periphonic recording syslems as a function of divection (%,y,7)

Spin Channel Gains
l 1B Y4 (—iy),  (3/2)(x—jy), 2 IV (147)
2 SR Y, SR N, (2Pl Y ST Qo) 1 ST (2ot '
¥

3 % I0SP (L) (r—iy)s ¥ (35/2)(142)7 B 1) (r—iy),, 16 TP (1-H2) 7 (152 102~ 1) (x—jy)?, W4 207 {1—
52) (x—jy), Yo 77 (142)(152'—10e—1}, ¥ (35/2)"(1+2) (3z—1) (x}jy), Y0 1057 (1+2) (x-+]y)*

tions on the sphere obeying £)-4) above, we also define
a hierarchy of periphonle systems, A typical periphonic
system in this hierarchy has the following form, Choose
a set of gpins. For each spin in the chosen set, record o
number of channels, each of which picks up sound from
ench direction with a gain that Is a spin harmenic having
that spin, in a manner such that there is no duplication
of information amopg the channcls and so that overy
spin harmonic pickup of that spin can be oblained by
giving the signals of the channel complex gains (ie., in-
volving 90° phase shifts) and adding them. The periph-
onle recording will consist of all the channels conveying
sound picked up with spin harmonics having a spin in
the chosen set of splns.

Just as spherical harmonic periphonic systems were
built out of “irreducible” systems consisting of all the
channels required 1o convey all pickup characteristics of
one specific order, so the more general periphonic sys-
tems are built out of “irreducible” systems consisting of
all the channels required to corvey all spin harmonic
pickups having one specific spin. Thus periphonic sys-
tems using spin harmonics of a given type form a hier-
archy of systems, in which tho spatial resolution of each
system can be improved by adding channels conveying
pickups having other spins.

In order to see what spin harmonics look like as func-
tions on the sphere, it is necessary 1o stale a pumber
of properties that apply 1o any iype of spin harmonie,
but which cannot be proved here.

1) The number of channels required to convey all
the spin harmonic pickups of any one spin without dupli-
cation of informalion differs from that required to con-
vey those of any other spin by a nonzero even number.

2y Let the number of channels required to convey
spln harmonic pickups of a particular spin be 25 + 1,
then the number s is called the “spin™ of ihese spln har-
monics, Let § be the smallest spin obtainable with a given
typo of spin hormonic. Then spin harmonics exist hav.
ing all the spins possible according to 1), ie, 8, § + 1,
S+ 2, 85+n...

Of the various possible types of spin harmonics that
can be found obeylng the properties 1)—4) given earlier,
some types may be obtained from other types of spin
harmonics by multiplying the latter functions on the
sphere by a phase factor (ie., function of modulus 1)
explfalx,y,z}], where a is a real function. Two types of
spin harmonics thus related will give periphonic record-
ings that differ only in the absolute phase with which

sounds from diffcrent directions are recorded. As the
ear is tolerant of such phase shifts, there is no need to
distinguish between such systems,

Bvery type of spin harmonic may be assigned o num-
ber w (called its weight) which is a pegative, zero, or
postlive integer multiple of %2, such that the smallest
spin occurring for that type of spin harmonic is |w], and
such that types of spin harmonlc having the same welght
differ only by a phaso factor as described above.

What has been shown above Is that every hierarchy
of periphonle systems is described by a number w that is
a multiple of ¥4, and that every periphonic system is
composed out of “irreducible” systems having a spin
of the form |w| -+ » (where n s an integer == 0}. For ex-
ample, the spherical harmonic systems have a weight 0
and are composed out of systems having nonnegative
integer sping; in this case the “spin” is equal to the or-
der of the spherical harmonic involved. Fig. 5 shows
the above hierarchlal relatlonships between periphonie
systems, where each dot represents an irreducible spin
system.

Practical periphonic systems will usually consist of the
2w+ w3+ o w2t 1) = (nt
1)(2|w|-+n+1) channels required to convey the spin
harmonics having the » lowest spins in the weight w
hierarchy. Tables II-IV give the actual pickup character-
istics required to record periphonic sounds wsing, Te-
spectively, spin harmonics of weight 15, 1 and 114,
(Table I, of course, gives these for weight 0), In all
these tables, the pickup of all channels has energy 1 and
is orthogonal to that of all other channels in each hiet-
archy. Any practical periphonic systemn will incorporate
ail channels in its hierarchy having a spin less than or
equal to a chosen value. Note that 90° phase shifts are
an essential feature of the ponzero-weight systems. The
channel gains of systems with weight —w may be ob-
tained from those of weight w by changing f to —§, ie.,
by veplacing all 90° phase shifts by —20° phase shifts.

It is convenient to denote the periphonic system of
weight w and using spins 5, 83, * * +, 5, by the symbolism
Pl + Dyt & oo« 4+ D, Thus, for example, enne-
aphony is denated by D® -+ Dy + D%,

SPATIAL RESOLUTIONS OF PERIPHONIC
SYSTEMS

‘The directivity factor theorem was formulated so as

Table 1V. Channel gains of weight 135 periphonic recording systems as a funclion of direction (x,y,z)

Spin Channel Gains
14 2 ()M (x—fyd, (3727 (1+2) P (x—f),  (3/2)P (1+2) (e—fy), 277 (1)
2 1 157 (112 (x—iy),, Y (L)W (S D (e—fy)Y, 2 (320 (142 (S D (x—iy)!, ¥ (372 (1+
(52— 1) (x—fy), W IP(1+2)7 (523} Y BV (142 (x+h)
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/ 4

O Y=3 .. Y:4

Fig. 6. Ampliwde pickup cheracterislics (ignoring Ehuse)
with the maximum directivity factor obtainable with ths sys-
tems. u, D-’f% witk two chunuels. In D_'-'f -+ D_l'_‘ﬁ wills six

e DU wi Td. D% wi
channels. ¢ D+x with three channels. d Dil% with four

channels.

to include all the periphonic systems discussed above.
Thus the two-channel periphonic system Dy,'%, having
the channel gains in the first ine of Table I, can resolve
directional information with a directivity factor y = 2.
Similarly, Dy% + Dy %, whose six channels pick up
_sound with the gains shown in the first two lines of Table
1%, is capable of 4 = 6, and the three ¢channels of Dy* can
have ¥ = 3. In Fig. 6 the amplitude direclional charac-
teristic {without phase information) is shown of the most
directional sound pickups obtoinsble with the systems
D%, Dy D‘é, D1, and Dy 1%, It will be noted
from Figs. 4b and 6d that both of the systems De¢ + Dy
and DV%;,, have a maximum y = 4, but that lhe actual
shape of the pickup is different, as the former has a 1ear-
lobe response and the lalter does not.

The very general rule for matrixing the channels of a
periphonic recording for playback wilh highest possible
directivity factor is as follows. In each of the Tables I
to IV the pickup characteristics of the channels have been
given with “energy” 1 and mufually erthogonal, In these
circumstances, the most directional plckup peinting in the
direction (p,q.r) (with p2 + g2 4+ 2 = 1) is obtained
by adding together all the channels of the recording after
giving each a sujtable gain. The gain given to each chan-
nel is obtained from the tables by substituting p.g, and »
for x,y, and z respectively, and substituting —j for § in
the entry for that channel in Tables I-IV. For example,
the two channels of Dy % (first line of Table II} will be
recovered for a speaker lying in the direction (p.q.r)
with a gaip (1 + #)¥% on the first channel and with gain

{1 + )% (p + Ig) on the second,

Mathematically, the properiy of having the maximum
directivity during playback coincides with & number of
imporfant properties of a sound-recording system, notably
that of having minimal interspeaker crosstalk and that of
glving the least-squares approximation to perfect direc-
tlonal reproductlon within the available number of chan-
nels. The hlghest directivity pickup characteristic can be
shown to be the sum of those terms of the spin-harmonic
expansion of the della-function characteristic pointing in
its direction that are recorded by the periphonic sys-
tem being used, The “energy”™ of each spin harmonic
component of this highest.directivity characteristic is
proportional 1o the number of channels used for that
spin without duplication of information.

It may well be thut the most directional pickup is not
the one that gives the best psychoacoustic resulis, For
example, the most direclional pickup of the teiraphonic
systern Dg® 1 Dyt (see Fig. 4b) is a hypercardioid with
a null 109,5° off axis, and bas a ralher large rear-lobe;
initinl experiments [5] suggest thal a hypercardloid with a
135° null §s subjectively beller with the tetrahedral
speaker layout of Fig. 1. A pickup of sound energy that is
symmetric abount an axis but does not have maximum
directionallty may be obiained as described above, ex-
cept that the channel geins should be multiplied by a
positive constant that is the same for all channels of
o given spin, but possibly different for different spins.

The number of speakers required for reproduction
depends on the directional resolution of the periphonie
system, and should not in any case be less than the
number of channels ¥. However, while only N param-
eters suffice fo describe the amplitude in the N channels,
if real matrixing is used to feed the speakers, then
YaN(N -+ 1) energy parameters are required to describe
their energy, and N2 enerpy paramelers are required if
90° phase shifts are used as well. In practice, maost
periphonic systems have some of thelr energy parameters
equal to zero; for example, in tetraphonic recording, the
energy of the sound picked up by the ommidirectional
characleristic 1 minus the sum of the energies pleked up
by the three figure-of-eight characteristics x, ¥, and z is
zero, as 1 —x2% — 32 — 72 = (), The number of inde-
pendent energy parameters actually conveyed by various
periphonic systems is given in Table V. For example,
tetraphony has nine independent energy parameters,
whereas the fwo-channel system has four. Thus if the
spatial distribution of sound enrergy around the listener

"impticit in the recording is to be fully caplured, many

more speakers will be needed than the number of chan-
nels. However, many of the energy componenis corre-
sponding to & high degree of spaiial resolution are waak,
and so an intermediate number of loudspeakers should
prove sufficient.

PHASE IN PERIPHONY

It will be noted in Table II-IV that if (xy,2) =
(0,0,—1}, then the meaningless expression 0/0 occurs
as a channel gain in all nonzero-weight systems. In the
neighborhood of this downward direction, the phase of
the sound pickup varies in a discontinuous manner. It
may be thought that for each system there is a phase
factor exp tfalx.y.z)] which, when multiplied by the chan-
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