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The representation of sound fields by spherical or cylindrical harmonics, also known as
higher order Ambisonics (HOA), is a flexible format where the accuracy of the representation
depends on the order N. It is shown that reproducing 2D HOA with uniformly distributed
loudspeakers on a circle radiating plane waves in a nonreverberant environment will lead to
spectral impairment if the number of loudspeakers M is higher than 2N + 1. The impairments
vary with both the angle, that is, the angular difference between source and receiver relative
to the center of the circle, and the product kr, where k is the wavenumber and r the distance
from the center of the circle. It is therefore not possible to correct the impairments with a filter
for multiple radii. For classical first-order Ambisonics the near perfect reconstruction area is
so small that it must be regarded solely as a sweet-spot technique and filtering should be
considered when using more than three loudspeakers. Furthermore, for HOA the number of
loudspeakers is a tradeoff between the reproduction error for kr < N and spectral impairments
for kr > N.

0 INTRODUCTION

The decomposition of sound fields has been formulated
in several ways for both cylindrical harmonics [1]–[5] and
plane waves [6] in the two-dimensional case and for
spherical harmonics in the three-dimensional case [7]–[9].
This decomposition allows for near perfect representation
over a larger area than the traditional sweet spot and is
maybe best known as higher order Ambisonics (HOA). It
is layered, that is, by including more channels the accuracy
of the representation in terms of kr will increase, where k
is the wavenumber and r the distance from the center of
the loudspeaker array.

Another way of representing sound fields is by a spatial
sampling of the pressure and particle velocity over a
closed surface, which is used to recreate the wavefield,
also known as holophony or wavefield synthesis [10]. This
technique is by nature not as flexible in loudspeaker po-
sitioning and scalability.

If a frequency limit is defined for near perfect repro-
duction of the sound field, spatial harmonics decom-
position would be scalable in terms of reproduction

area and would be well suited for the storage, consump-
tion, and transmission of spatial audio, such as universal
multimedia access (UMA) [11] and transmission over the
internet.

The reproduction of a spatial harmonics decomposed
sound field is flexible in terms of loudspeaker configura-
tions [12]–[15], which is advantageous for UMA. This is
certainly true for the near perfect reconstruction region,
but as shown in [3], there will be impairments in both
spectrum and phase for the nonperfect reproduction region
when more loudspeakers are used than the minimum re-
quired. A compensation technique is also presented in [3],
which is based on filtering, but since the accuracy of the
representation depends on kr, a compensation by filtering
could be expected to work well only for sweet-spot listen-
ing where the listener’s head is centered in r � 0.

This can clearly be observed if a diffuse field consisting
of pink noise is reproduced over a large number of loud-
speakers in the horizontal plane (2D HOA) with different
HOA orders. The spectral coloration can be observed to
change when changing the HOA order or moving away
from the sweet spot. Compensation by filtering would not
be suitable in this scenario. This calls for an elucidation of
the impairment. Loudspeakers radiating plane waves and
uniformly distributed on a circle and a nonreverberant en-
vironment are considered for simplicity.
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1 HIGHER ORDER AMBISONICS

1.1 Basic Relations
A monochromatic wavefield can be expressed in the

frequency domain by HOA signals Bn
±1 [7] by the relation

p�r, k, �� = B0
+1J0�kr� + �

n=1

�

�Bn
+1 �2 cos n�

+ Bn
−1 �2 sin n�Jn�kr� (1)

or by cylindrical harmonics written in complex notation [2],

p�r, k, �� = �
n=−�

�

jnqne
jn�Jn�kr� (2)

where Jn(z) is the Bessel function of order n of the first
kind, r is the distance from the point of origin, and k �
2�/� � 2�f/c is the wavenumber.

Eq. (1) is related to Eq. (2) by

B0
+1 = q0, Bn

+1 =
jn�qn + q−n�

�2
, Bn

−1 =
jn+1�qn − q−n�

�2
(3)

and the derivations and results achieved for the cylindrical
harmonic signals in this paper apply to the HOA signals as
well.

In practice, the series in Eqs. (1) and (2) must be trun-
cated due to limited bandwidth or microphone technique,
which results in a degradation of the sound field, except at
r � 0. The truncation limit is denoted by the HOA order
that corresponds to the highest azimuthal frequency rep-
resented. For HOA order N, Eq. (2) will turn into

p�r, k, �� = �
n=−N

N

jnqne
jn�Jn�kr�. (4)

Since Eq. (4) is the inverse relation of a Fourier series
with respect to the angle � of the sound pressure p at a
radius r, a transformation into the azimuthal frequency
domain is defined by

qn =
1

2�jnJn�kr�
�

0

2�

p�r, k, ��e−jn� d�. (5)

In practice qn can be found by utilizing microphone arrays
[2], [4]–[10].

Modeling the wavefield as a sum of S monochromatic
plane waves leads to

p�r, k, �� = �
s=1

S

Ase
jkr cos��−�s� (6)

and using the relation in Eq. (36) in the Appendix leads to
Eq. (4) becoming

q�k�n = �
s=1

S

Ase
−jn�s (7)

which means that the HOA B-format encoding can be
formulated as an angular weighting of the pressure in one
position.

Using matrix notation for the plane wave model results in

q = Ep (8)
where

q = �
q�k�−N

· · ·
· · ·

q�k�N

�, E = �
e−jN�1 . . . e−jN�S

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·

1 . . . 1
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·

e jN�1 . . . e jN�S

�,

p = �
A1

· · ·

· · ·

AS

�. (9)

The decoding D of the HOA B-format to the D-format,
that is, the loudspeaker signals, can then be expressed as

pl = Dq = DEp (10)
where by the “reencoding principle” [7],

D = pinv�Ed� = Ed
H�Ed.Ed

H�−1. (11)
Ed is determined by the angles of the loudspeakers and (.)H

is the Hermitian operator. The encoding–decoding process
can be viewed as a plane-wave decomposition of the origi-
nal wavefield via a cylindrical representation of the wave-
field. In the case of a regular layout of M loudspeakers
then

Ed = �
e−jN

2�
M . . . e−jN

2�M
M

· · · · · · · · · · · · · · · · · ·
1 . . . 1

· · · · · · · · · · · · · · · · · ·

e jN
2�
M . . . e jN

2�M
M

� (12)

and

D =
1

M
Ed

H (13)

which implies that generally M � 2N + 1 for the existence
of an exact solution. It is shown in [2], [16] that M � 2N,
but the limit M � 2N + 1 is used in this work for sim-
plicity.

The loudspeaker signal in direction �m at r � 0 can
then be found by using the definition in Eq. (38) in the
Appendix,

pl�0, k, �m� =
1

M �
n=−N

N

e−jn�mq�k�*n

=
1

M �
n=−N

N

e−jn�m �
s=1

S

A*s e�jn��s�

=
1

M �
s=1

S

A*s �
n=−N

N

e−jn��m−�s�

=
1

M �
s=1

S

A*s csinc2N+1��m − �s�. (14)
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This is also known as basic decoding [3].
Truly perfect reconstruction is not feasible except for

the point of origin, but the mean reconstruction error can
be found to be below −14 dB (0.04%) [6], [8], [15] as long
as kr < N. Since this typically does not give near perfect
reproduction up to 20 kHz even at r � 100 mm (corre-
sponding to the human head in the sweet spot), it is im-
portant to study what happens for kr > N.

1.2 Influence of the Number of Loudspeakers
For simplicity, the distance to the loudspeakers is con-

sidered to be so long that the radiated waves are close to
plane for all frequencies and the theory presented in the
previous section can be used.

The common error measure in previous literature is the
normalized mean square pressure difference [1], [3], [8],
[9], [15]. This measure is very good for small errors but
becomes quickly large for kr > N and gives little elucida-
tion on the error in this region. The auditory system is
insensitive to phase at high frequencies (kr > N) [17], [18]
and utilizes interaural level differences (ILDs) for local-
ization. Together with the possibility for spectral colora-
tion this motivates for employing impairments in the
sound intensity as an error measurement in the nonperfect
reproduction area. The pressure magnitude squared, which
is proportional to the sound intensity, in HOA reproduc-
tion relative to the original sound field is therefore used as
an error measure in this work. This measure can, however,
not quantize in any possible deviation in the angle, but we
know that the angle of incidence generally will be wrong
for kr > N.

The case of only one source in direction �1 and M
uniformly distributed loudspeakers will be used through-
out the rest of this paper. The relation in Eq. (36) then
leads to the sound pressure at a receiver in the HOA re-
constructed wavefield as being expressed as

p�r, k, ��A = �
m=0

M−1

e jkr cos�2�m

M
− ��pl�0, k,

2�m

M �
=

1

M �
m=0

M−1

A*1 e jkr cos�2�m

M
− �� csinc2N+1�2�m

M
− �1�

=
A*1
M �

m=0

M−1

�
n=−�

�

jnJn�kr�e jn�2�m

M
− �� �

l=−N

N

e−jl�2�m

M
− �1�

=
A*1
M �

l=−N

N

e jl�1 �
n=−�

�

jnJn�kr�e−jn� �
m=0

M−1

e−j�l−n�
2�m

M

= A*1 �
l=−N

N

e jl��1−�� �
n=−�

�

jnM+lJnM+l�kr�e−jnM�. (15)

For kr < M − N Eq. (15) can be simplified to

p�r, k, ��A ≈ A1 �
l=−N

N

e jl��1−��jlJl�kr� (16)

since the Bessel terms have small values when the argu-
ment is smaller than the order.

Following the same argument, the truncation error be-
comes small for kr < N so that

p�r, k, ��A ≈ A1 �
l=−�

�

e jl��1−��jlJl�kr�

= p�r, k, �� kr � N (17)

that is, near perfect reproduction.

1.2.1 Relative Intensity
The squared pressure of the original sound field in Eq.

(6) can now be expressed as

p�r, k, ��p�r, k, ��* = |A1|
2 (18)

and the sound field resulting from HOA as

p�r, k, ��Ap�r, k, ��*A

=
|A1|

2

M 2 �
m=0

M−1

�
p=0

M−1

e jkr�cos�2�m

M
− ��−cos�2�p

M
− ���

× csinc2N+1�2�m

M
− �1� csinc*2N+1�2�p

M
− �1�.

(19)

The relative sound intensity of the HOA wavefield is
therefore

Irel�kr, �, �1� =
|p�r, k, ��A| 2

|p�r, k, ��| 2

=
1

M 2 �
m=0

M−1

�
p=0

M−1

e jkr�cos�2�m

M
− �� − cos�2�p

M
− ���

× csinc2N+1�2�m

M
− �1� csinc2N+1�2�p

M
− �1�

(20)

where the conjugated notation of csinc2N+1 is omitted
since it has a real value.

1.2.2 Mean Relative Intensity
The expression for the expected relative intensity in Eq.

(20) over the angle is derived in Eq. (40) in the Appendix
and is given by

Irel�kr, �1� =
1

M �
m=0

M−1

J0�2kr sin��m

M �� csinc2N+1�2�m

M �.

(21)

In other words, the mean relative intensity is the value
of J0 [2kr sin (�m/M)] for m � 0 when the discrete Fou-
rier transform (DFT) with respect to m is truncated at (2N
+ 1)/2M, which follows from the second to last line in Eq.
(40), or recognizing Eq. (21) as the expression for a cir-
cular convolution [19]. Interestingly the mean relative in-
tensity is independent of the angle of incidence given the
assumptions in this work.
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When kr → �, then J0 [2kr sin (�m/M)] will have a
nonzero value only for m � 0 and hence

lim
kr→�

Irel =
csinc2N+1�0�

M
=

2N + 1

M
. (22)

1.3 Coloration and Interaural Level and
Time Differences

In order to evaluate the perceptual consequences, the
resulting ear signals need to be evaluated.

The head-related impulse responses (HRIRs) for a Neu-
mann KU8li dummy head were measured in an anechoic
chamber with 1° resolution at 2-m distance between the
loudspeaker and the dummy head. Symmetry was assumed
so that the HRIR for the left ear was also used for the right
ear, and simulations of a virtual source in between two
loudspeakers with both the loudspeakers and the virtual
source radiating plane waves were performed in
MATLAB [20]. The head was facing the virtual source at
all times, motivated by the fact that the minimum audible
angle is smallest in this case [21]. The resulting ear signals
should theoretically have no interaural level or time dif-
ferences. The HRIRs from the loudspeakers were time
shifted according to the different positions of the head
when it was moved gradually from the center of the loud-
speaker array to the right. The ERBFilterbank in the Au-
ditory Toolbox for MATLAB [22] was employed on the
binaural impulse response for both HOA reproduction and
the real source.

The ILD for each band was calculated as the relative
energy in the left ear to the right and the interaural time
differences (ITDs) were determined by locating the posi-
tion of the maximum of the cross correlation of the half-
wave-rectified right and left ear signals. The spectral col-
oration was calculated as the mean energy in each band for
both ears in the HOA reproduction relative to the mean
energy that would be produced by the real source. The
results are discussed in Section 2.3 (see Figs. 9–11).

1.4 Alternative HOA Decoding
Filtering the HOA B-format channels leads to a differ-

ent decoding technique [3]. Weighting each B-format
channel with a frequency-dependent gain g(2�f/c)n �
g(k)n leads to the plane-wave model phase mode spec-
trum of

q̂�k�n = g�k�nq�k�n = �
s=1

S

g�k�nps�0, k, �s�e
−jn�s. (23)

The desired loudspeaker pressure in Eq. (14) now
becomes

pl�k, �m� =
1

M �
s=1

S

ps�0, k, �s� �
n=−N

N

g�k�ne
−jn��m−�s�

=
1

M �
s=1

S

ps�0, k, �s� f2N+1�k, �m − �s�. (24)

Inserting Eq. (24) instead of Eq. (14) into Eq. (15),
assuming a regular loudspeaker layout and one source,
leads to

pr�r, k, ��A =
p1�0, k, �1�

M �
m=0

M−1

�
n=−N

N

g�k�n

e jkr cos�2�m

M
− ��−jn�2�m

M
− �1� (25)

and

Irel�kr, �, �1� =
1

M 2 �
m=0

M−1

�
p=0

M−1

e jkr�cos�2�m

M
− ��−cos�2�p

M
− ���

× f2N+1�k,
2�m

M
− �1� f *2N+1�k,

2�p

M
− �1�.

(26)

The difference is that the csinc2N+1(�) panning function
has been replaced by a new frequency-dependent panning
function,

f2N+1�k, �� = �
n=−N

N

g�k�ne
−jn�. (27)

This is analogous to window shaping in the time–
frequency domain [19]. Using the notation in Eq. (39), the
mean relative intensity can be expressed as

Irel =
1

M �
n=−N

N

g�k�ng*�k�−nDkr,M�n�

=
1

M �
m=0

M−1

J0�2kr sin��m

M �� �
n=−N

N

g�k�ng*�k�−ne
−jn

2�m

M

=
1

M �
n=−N

N

g�k�ng*�k�−nDkr,M�n�. (28)

The B-format filtering coefficients g(k)n have been pro-
posed to be used in order to compensate for the frequency-
dependent spectral coloration [3]. A frequency-
independent scaling gn can also be utilized to reproduce
the HOA B format over M � 2N loudspeakers [2], [16].

2 DISCUSSION

2.1 Spectral Impairment in Different kr Regions
The theoretical expressions in Section 1.2 are illustrated

in Figs. 1–13. The figures illustrate the mean spectral im-
pairment as a function of kr (averaged over receiver angle,
for a fixed source position) as well as the detailed spectral
impairment as a function of kr and receiver angle.

The mean relative intensity as a function of kr is cal-
culated for a fixed number of loudspeakers, M and varying
order N, as given by Eq. (21). Figs. 1–3 show that above
the high-frequency (high kr) limit a lower level results, as
pointed out in [3] and given by Eq. (22). It can be noted
that when the number of loudspeakers is matched to the
order, that is, when M � 2N+1, the mean level stays
correct. This can, for example, be seen in Fig. 1 for order 7.
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The effect of a perfectly matched number of loudspeak-
ers is further illustrated in Fig. 4. For order N � 1, that is,
basic Ambisonics, and three loudspeakers, the mean spec-
tral impairment (averaged over receiver angle) is zero, as
seen by the leftmost diagrams in Fig. 4. However, when
the source is positioned in the middle between two loud-
speakers (the worst case), Fig. 4(b) shows that even if the
mean level is correct [as is also seen by Eq. (21)], the
spectral impairment will vary with the receiver angle
above the correct reproduction frequency range. This im-
plies that if a listener rotates the head, a varying spectral
impairment will result. Also, if a source is rotating around
the listener, a varying spectral impairment will result.

As soon as the number of loudspeakers is larger than the
minimum required, M > 2N + 1, the mean level will not be
correct (as was also shown in Figs. 1 and 2). Figs. 5 and
6 illustrate this for order N � 1 (basic Ambisonics) and an

increasing number of loudspeakers. Interestingly the mean
spectral impairment is independent of the source angle as
given by Eq. (21), which can be seen by the leftmost
curves in each figure. For example, the two leftmost
curves in Fig. 5 are identical, as are the ones in Fig. 6. Still,
the detailed spectral impairment will depend on the source
angle, as is seen by comparing the rightmost plots in Figs.
5 and 6.

By increasing the number of loudspeakers an interme-
diate frequency range is emerging. In Figs. 6 and 7, it is
clear that a transition appears around kr � M − N. When
the number of loudspeakers is kept at 15 but the order is
increased from N � 1 to N � 4 (see Fig. 7), the near perfect
reproduction range (kr < N) is increasing so that the inter-
mediate frequency range is getting smaller. Finally, when the
order is high enough to match the number of loudspeakers
(N � 7, M � 15), Fig. 8 illustrates in the same way as Fig.

Fig. 1. Mean relative level averaged over receiver angle for HOA reproduction using basic decoding, 15 loudspeakers. Straight
lines—asymptotic values.

Fig. 2. Mean relative level averaged over receiver angle for HOA reproduction using basic decoding, 25 loudspeakers. Straight
lines—asymptotic values.
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4 that the mean level is correct, but there will be spectral
impairment that will depend on the source angle.

• kr < N As long as the Bessel terms of order higher than
N have little significance, the impairment will be small, as
stated in Eq. (17). It corresponds well to the criterion kr � N
[6], [8], [15]. The number of loudspeakers M has little influ-
ence as long as M � 2N + 1, as pointed out in Section 1.1.

• N < kr < M − N Truncation of the plane-wave model
phase mode spectrum at N results in an azimuthal fluc-
tuation pattern given by the circular convolution

|e jkr cos���
* csinc2N+1�� − �1�|

2.

This relation results from recognizing Eq. (16) as being
of the form of a DFT and using the properties of the
DFT [19]. Whether the source is positioned in the di-

rection of a loudspeaker or between loudspeakers will
have no impact on the pattern; the source position de-
termines only the orientation of the pattern. Aliasing
effects will occur when M/2 < kr, analogous to a viola-
tion of the sampling theorem. The effects will, however,
not be noticeable because of the truncation of the phase
mode spectrum, analogous to low-pass filtering. The
truncation leads to the observable kr-dependent relative
intensity of about N/kr deduced from the amount of
energy the truncation has “filtered out,”

Irel =
N

kr
| e jkr cos���

* csinc2N+1�� − �1�|
2. (29)

• M − N < kr Bessel terms with arguments higher than
M − N will begin to contribute significantly to Eq. (15),

Fig. 3. Mean relative power density spectrum for Ambisonics (HOA order 1) at 0.1-m radius using basic decoding. Straight lines—
asymptotic values.

Fig. 4. Level of Ambisonics (HOA order 1) reproduction relative to original sound field; basic decoding, 3 loudspeakers. (a) Source
at 0° (in direction of one loudspeaker). (b) Source at 60° (between two loudspeakers).
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and aliasing will be introduced. The angular fluctuation
will therefore change due to the extra angular phase
contribution enM� in the last line of Eq. (15), that is, the
angular fluctuation pattern is not only dependent on the
position of the source but also an M, the number of
loudspeakers. When the source is positioned between
loudspeakers large impacts on the pattern can be ob-
served in Figs. 4–8.

From Figs. 1–3 it can be seen that the relative level
ripples around the asymptotic value in Eq. (22). In Eq.
(21) the term J0[2kr sin (�m/M)] is weighted with
csinc2N+1(2�m/M), both being periodic and symmetric

in m with the period M. Since the Bessel terms within
the main lobe of csinc2N+1(2�m/M) will have the largest
weight, the number of contributing terms should be
about proportional to M/N. The minima and maxima of
the Bessel function for large arguments in Eq. (37) in the
Appendix leads to expressions for peaks and dips in
intensity.

krmax =
2�n���4

2 sin��m�M�

krmin =
2�n − ��4

2 sin��m�M�
� n ∈ � ∧ n k N.

Fig. 5. Level of Ambisonics (HOA order 1) reproduction relative to original sound field; basic decoding, 5 loudspeakers. (a) Source
at 0° (in direction of one loudspeaker). (b) Source at 36° (between two loudspeakers).

Fig. 6. Level of Ambisonics (HOA order 1) reproduction relative to original sound field; basic decoding, 15 loudspeakers. (a) Source
at 0° (in direction of one loudspeaker). (b) Source at 12° (between two loudspeakers).
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The ripple will therefore be a series of about M/N almost
harmonic terms. If M k � then sin (�/M) ≈ �/M and the
main ripple will have a periodicity of about kr � M,
which can be observed in Fig. 2. It can also be observed
that the number of harmonics increases when M/N in-
creases, but that J0 [2 kr sin (�/M)] will be the term
contributing the most to the impairment since csinc2N+1

(2�m/M) is largest for m � M − 1 and m � 1.

2.2 Advantages of Utilizing More Loudspeakers
than 2N+1

As discussed in section 2.1, Bessel terms of order higher
than M − N will introduce aliasing in the sound pressure in
Eq. (15). While not that prominent, this will also have an

effect on the near perfect reproduction region, especially at
the boundary kr ≈ N. Increasing the number of loudspeak-
ers leads to the order of the destructive Bessel terms rela-
tive to the argument kr ≈ N becoming higher. From the
nature of the Bessel function of the first kind,

|Jn�x�| � |Jm�x�|, |x | � |m | � |n |

this implies that the magnitude will be smaller and hence
the destructive effect will be lower, especially at the kr �
N boundary.

This means that by using more loudspeakers the spatial
sound reproduction has higher fidelity within the near per-
fect reproduction region, and especially at kr ≈ N.

Fig. 7. Level of Ambisonics (HOA order 4) reproduction relative
to original sound field; basic decoding, 15 loudspeakers. (a)
Source at 0° (in direction of one loudspeaker). (b) Source at 12°
(between two loudspeakers).

Fig. 8. Level of Ambisonics (HOA order 7) reproduction relative
to original sound field; basic decoding, 15 loudspeakers. (a)
Source at 0° (in direction of one loudspeaker). (b) Source at 12°
(between two loudspeakers).
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This suggests that the number of loudspeakers chosen is
a tradeoff between lower reproduction errors within the
near perfect reproduction region and spectral impairment
for kr > N.

2.3 Perceptual Consequences
The interaural level difference, time difference, and

spectral coloration are shown in Figs. 9–11. Since the
distance between the ears of a person is about 19.5 mm
[23] the intensity impairment can lead to ILD for a non-
centered listener. Since the head is not acoustically trans-
parent above about 700 Hz, the diffraction around the
subject’s head will also affect the ILD for kr > N. An
example of the shift in ILD for the reproduced sound field
relative the original sound field is shown in Fig. 9 together
with the ITD in Fig. 10 and the spectral coloration in Fig.
11. We note the following.

• kr < N ILD and ITD are correct, no spectral coloration.
• N < kr < M − N ILD and ITD are biased in a regular

way across frequencies that can result in a localization

shift. The cues are, however, partially conflicting, sug-
gesting that the auditory object can be perceived as dif-
fuse [18], [24], as reported in [3]. The degree of spectral
coloration is dependent on the relative number of loud-
speakers.

• kr > M − N Pseudorandom fluctuations in ILD and
ITD, which will probably lead to a more diffuse auditory
object. This is, however, independent of whether or not
the number of loudspeakers is matched to the order. The
dips in the spectrum are not that severe, but there is a
generally lower level if the number of loudspeakers is
not matched.

Since a human’s most effective method for resolving
localization ambiguities is head movements [17], the sub-
ject would probably utilize this in HOA. However, this
would not result in more consistent localization cues that
might reinforce the sensation of a diffuse auditory object.

Since the low-frequency localization cues are the domi-
nating ones [25], it would be expected that localization
would be possible as long as the listener is seated so close

Fig. 9. ILD for 15 loudspeakers; kr � N and kr � N − M limits plotted in black. (a) Order 1. (b) Order 7.

Fig. 10. ITD for 15 loudspeakers; kr � N and kr � N − M limits plotted in black. (a) Order 1. (b) Order 7.
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to the center of the loudspeakers that sufficient low-
frequency information is present. The distance will be de-
pendent on the order. Motivated by stereo reproduction
that is capable of reproducing consistent cues up to 700 Hz
this distance might be r ≈ cN/2�700 � 0.078N.

2.4 Compensating for Level Impairments by
Alternative HOA Decoding

Deriving the filter coefficients described in [3] and Sec-
tion 1.4 for alternative HOA decoding must be performed
for a radius rcomp. One disturbing effect is that when com-
pensating for the spectral differences by filtering, the fre-
quency limit for near perfect reconstruction inside the
compensation radius will be scaled down, and a higher
sound level can be observed above this frequency. That is,
the compensation will destroy near perfect reconstruction
regions. Another weakness is that filtering cannot com-
pensate for the angular variations in sound level; it will
only alter the pattern, for example, for N < kr < M − N the
fluctuation pattern in Eq. (29) will become

Irel = | e jkr cos���
* f2N+1�k, � − �1�|

2. (30)

2.5 Importance for Classical
Ambisonics Reproduction

Considering classical Ambisonics, that is, HOA order 1,
and sweet-spot listening (r ≈ 0.1 m), the sound field can be
almost perfectly reconstructed up to about 550 Hz as long
as one uses a minimum of three loudspeakers (M � 3). It
follows from the discussion in Section 2.1 and Eq. (29)
that when utilizing more loudspeakers the spectrum will
gradually drop from f � c/2� × 0.1 ≈ 550 Hz to about f �
(M − 1)c/2� × 0.1 ≈ 550(M − 1) Hz, where the levels are
reduced by approximately −10 log (M − 1) dB. Above this
frequency the spectrum will fluctuate around 4.8–10 log
(M) dB, which follows from the discussion in Section 2.1.
These effects can be observed explicitly in Fig. 3 and
implicitly in Figs. 1, 2, 4–6, and 11(a). They could be
compensated for at the sweet spot by filtering the Am-
bisonics B-format channels with filters optimized for re-

production at r ≈ 0.1 m [3]. The fidelity of the reproduc-
tion will be lower when the ears are not positioned at r ≈
0.1 m [Figs. 9(a), (10a), and 11(a)], and since the head is
not a perfect sphere and the azimuthal variation in inten-
sity cannot be compensated for, one must expect spectral
changes for frequencies above at least 550 Hz when ro-
tating the head at sweet-spot listening. Furthermore, fil-
tering cannot compensate for the regular radial fluctuation
pattern, which could lead to either a shift or an inconsis-
tency in localization above 2 kHz, as observed in [3].

However, the discussion in Section 2.2 and the fact that
low-frequency localization cues dominate over high-
frequency cues [25] suggest that in order to achieve better
reproduction at about 550 Hz some small spectral colora-
tion can be sacrificed by utilizing a few more loudspeakers
than the minimum required.

3 CONCLUSION

When representing two-dimensional sound fields by
HOA and reproducing them over uniformly distributed
loudspeakers radiating plane waves on a circle and in a
nonreverberant environment, there is near perfect recon-
struction as long as kr is smaller than the HOA order N. As
long as the number of loudspeakers is larger than the mini-
mum number required, the number used is insignificant for
the spectral coloration.

When kr > N, angle- and kr-dependent intensity impair-
ments increase when the number of loudspeakers increases
above 2N + 1. The impairments will lead to perceived
spectral coloration and reduced localization accuracy that
cannot be compensated for by filtering. It is worth men-
tioning that when using 2N + 1 loudspeakers spectral im-
pairments can still be observed if the virtual sound source
is positioned between two loudspeakers.

In order to avoid spectral impairments the number of
loudspeakers should be kept as low as possible. However,
utilizing more loudspeakers can decrease the reproduction
error in the near perfect reproduction region, kr < N, es-
pecially at kr ≈ N. The number of loudspeakers must be a

Fig. 11. Spectral coloration for 15 loudspeakers; kr � N and kr � N − M limits plotted in black. (a) Order 1. (b) Order 7.
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tradeoff between a lower reproduction error at kr ≈ N and
spectral impairments for kr > N.

This implies that classical Ambisonics can only be used
in sweet-spot listening, and compensation must be per-
formed if using more than 2N + 1 loudspeakers. However,
filtering cannot compensate for a regular radial fluctuation
pattern, which could lead to a shift in localization or a
diffuse sound image over 2 kHz.

When reproducing a sound field over a larger listening
area than the sweet spot, HOA should be employed. The
number of loudspeakers should be matched to the order
that is determined by the radius of the listening area.
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APPENDIX

Fourier Series and Its Inverse

W�n� = F �w���� =
1

2� �−�

�

w���e−jn� d� (31)

w��� = F −1�W�n�� = �
n=−�

�

W�n�e jn�. (32)

Discrete Fourier Transform (DFT) and
Its Inverse

W�n� = �
m=0

M−1

w�m�e−j
2�mn

M (33)

w�m� =
1

M �
n=0

M−1

W�n�e
2�mn

M . (34)

Bessel Function of the First Kind

Jn�z� =
1

2� �−�

�

e−jn�+jz sin��� d� = F �e jz sin���� (35)

e jz cos� = �
n=−�

�

jnJn�z�e jn� = F −1�jnJn�z�� (36)

lim
|z|→�

Jn�z� ≈� 2

�z
cos�z −

n�

2
−

�

4�. (37)

Circular Sinc, csinc

csinc2N+1��� �
sin��N + 1⁄2���

sin���2�
= �

n=−N

N

e−jn�. (38)

Deriving the Mean Relative Intensity
Using the relation in Eqs. (35) and (38) and denoting the

DFT of J0 [2kr sin (�m/M)] by

Dkr,M�l� � �
m=0

M−1

J0�2kr sin��m

M ��e−j
2�ml

M (39)

the expression for the mean over the azimuth angle of the
relative intensity in Eq. (20) can be expressed as

�
Irel�kr, �1� =

1

2� �−�

�

Irel�kr, �, �1� d�

=
1

M 2 �
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M
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M
− �1�

×
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M
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M
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M 2 �
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�
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M
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M
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M 2 �
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M
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